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Theoretical exploration of S-factors for nuclear reactions of astrophysical importance
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We present here a robust analytical model based on nuclear reaction theory for non-resonant fusion
cross sections near Coulomb barrier. The astrophysical S-factors involving stable and neutron rich
isotopes of C, O, Ne, Mg and Si for fusion reactions have been calculated in the centre of mass energy
range of 2-30 MeV. The model is based on the tunneling through barrier arising out of nuclear,
Coulomb and centrifugal potentials. Our formalism predicts precisely the suppression of S-factor
at sub-barrier energies which are of astrophysical interest. The cross sections can be convoluted
with Maxwell-Boltzmann distribution of energies to obtain thermo- or pycno- nuclear reaction rates
relevant to nucleosynthesis at high density environments and stellar burning at high temperatures
as well as for 34Ne + 34Ne fusion occurring in the inner crust of accreting neutron stars.
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I. INTRODUCTION
The nuclear reaction cross sections and its convolu-
tion with Maxwell-Boltzmann distribution of energies are
important for modeling many physical phenomena oc-
curring under extreme conditions [1–3]. Such environ-
ments of very high temperature or density exist in main-
sequence stars and compact stars which are in final stages
of their evolutionary development. The exothermic nu-
clear fusion drives nuclear explosions in the surface layers
of the accreting white dwarfs (nova events), in the cores
of massive accreting white dwarfs (type Ia supernovae)
[4, 5] and in the surface layers of accreting neutron stars
(type I X-ray bursts and superbursts [6–9]). The type-
I X-ray bursts and the nova events are generally pro-
duced by stellar burning of hydrogen in the thermonu-
clear regime, without significant effect of plasma screen-
ing on the Coulomb tunneling of interacting nuclei. The
superbursts and type Ia supernovae are driven by the
burning of C, O, Ne, Si and heavier elements [6–9] at
high densities, where the plasma screening effect may be
significant. In the inner crust of accreting neutron stars
(in binaries with low-mass companions [9–11]) the pyc-
nonuclear burning of neutron rich nuclei such as 34Ne +
34Ne is most likely the source of their internal heat. All
these astrophysical processes require precise knowledge
of nuclear reaction rates.
The thermonuclear reaction rates can be obtained
by convoluting fusion cross sections with Maxwell-
Boltzmann distribution of energies. These cross sections
can vary by several orders of magnitude across the re-
quired energy range. The sharp energy dependence of
these cross sections can be accounted by an exponential
factor while the astrophysical S-factor is a smooth slowly
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varying function of energy facilitating its extrapolation
down to astrophysical energies. The low energy fusion
cross sections σ can only be obtained from laboratory
experiments, some of which are not as well known. The
theoretical estimates of the thermonuclear reaction rates
depend on the various approximations used. Several fac-
tors influence the measured values of the cross sections.
We need to account for the Maxwellian-averaged ther-
monuclear reaction rates in the network calculations used
in Big-Bang and stellar nucleosynthesis.
At low energies where the classical turning point is
much larger than the nuclear radius, barrier penetrability
can be approximated by exp(−2piη) so that the charge
induced cross section can be decomposed into
σ(E) =
S(E) exp(−2piη)
E
(1)
where E is the centre-of-mass energy, S(E) is the as-
trophysical S-factor and η is the Sommerfeld parameter,
defined by η = Z1Z2e
2
h¯v where Z1 and Z2 are the charges
of the interacting nuclei in units of elementary charge e.
In case of a narrow resonance, the resonant cross section
is approximated generally by a Breit-Wigner expression,
whereas the neutron induced reaction cross sections at
low energies can be given by σ(E) = R(E)v [12] where
R(E) is a slowly varying function of energy [13] and
is similar to S-factor. The astrophysical S-factor S(E)
which is thus a rescaled variant of the total cross sec-
tion σ(E) is required for many astrophysical applications
particularly at energies below the Coulomb barrier. It is
much easier to extrapolate S(E) down to low energies of
astrophysical interest than the cross section σ(E).
Depending on the temperature and the density, along
with other parameters, stellar burning may involve re-
actions of different kind from light to heavy nuclei, and
from stable to unstable proton or neutron rich. The rates
of these reactions can be calculated from the reaction
cross sections σ by averaging over a Maxwell-Boltzmann
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FIG. 1: (Color online) Plots of S-factors for C+C fusion reac-
tion. The filled dots with error bars represent the experimen-
tal data points [15–26] while the solid and the dashed lines
are our present calculations corresponding to two ε values.
distribution of energies. The Maxwellian-averaged ther-
monuclear reaction rate < σv > at temperature T , is
given by the following integral [14]:
< σv >=
[ 8
piµ(kBT )3
]1/2 ∫
σ(E)E exp(−E/kBT )dE,
(2)
where v is the relative velocity and µ is the reduced mass
of the reacting nuclei.
The nuclear fusion reactions at very low energies play
the most important role in the nucleosynthesis of light
elements in big bang nucleosynthesis as well as nuclear
burning inside the stellar core. In the present work, we
have calculated S(E) for a number of fusion reactions of
astrophysical importance. The theoretical formulation is
based on barrier penetration model. The barrier arising
out of nuclear and Coulomb potentials is assumed to be
of parabolic shape and the centrifugal barrier is added
to it. The energy dependence of the cross sections and
astrophysical S-factors for the fusion reactions involving
stable and several neutron rich isotopes of C, O, Ne, Mg
and Si covering a wide range of energy from 2 MeV to 30
MeV, below and above the Coulomb barrier, have been
calculated using this model.
II. THEORETICAL FOUNDATION
The knowledge of astrophysical S-factor S(E) for nu-
merous nuclear reactions is the prime requirement for
explaining various astrophysical phenomena. The exper-
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FIG. 2: (Color online) Plots of S-factors for six C+C fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
imental measurements of cross sections σ(E) at energies
involved are quite often not available due to the fact that
the Coulomb barrier suppresses exponentially the cross
sections at low energies. The nuclear physics uncertain-
ties of the calculated S(E) can be significant since the
theoretical calculations are model dependent. The calcu-
lations show that the theoretical estimate of S(E) for a
given reaction can vary by many orders of magnitude in
the range of energies of astrophysical relevance. Never-
theless for different reactions [27, 28] also it may as well
vary by several orders of magnitude. The primary moti-
vation is to provide a robust theoretical model of S(E)
for non-resonant fusion reactions using minimum number
of parameters and approximations.
The present theoretical model is based on the theory
of inelastic scattering [29]. The reaction cross section has
been derived accordingly. The transmission coefficient Tl
for l = 0 is calculated assuming quantum mechanical bar-
rier penetration. The potential barrier arising due to nu-
clear and Coulomb interactions has been assumed to be of
a parabolic form. The height and the slope of the barrier
are matched at a matching radius Rm greater than the
radius Rc at which the barrier peaks by an amount char-
acterized by ε. The transmission coefficients for l > 0 are
calculated from physical consideration which accounts for
the effect of the centrifugal barrier as well.
A. Ion-ion Nuclear and Coulomb potentials
We select an inverse parabolic form for the barrier
potential arising due to nuclear and Coulomb interac-
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FIG. 3: (Color online) Plots of S-factors for six C+O fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
tions. The nuclear force being short range, it is assumed
to be an inverse parabolic potential at radial separation
r < Rm and pure Coulomb potential beyond:
V (r) =
λ
r
for all r ≥ Rm (3)
= Ec
[
1− ζ (r −Rc)
2
R2c
]
for all r < Rm
where λ = Z1Z2e
2, Ec is the maximum height of the bar-
rier at r = Rc and ζ defines the parabolic shape of the
barrier. The quantum mechanical requirement demands
that the logarithmic derivative of the potential be contin-
uous which implies V (r) and its derivative be continuous
at r = Rm which yields
Ec = V (Rc) =
λ(2 + 3ε)
2Rc(1 + ε)2
, ζ = [ε(2 + 3ε)]−1, (4)
Em = V (Rm) = Ec
2(1 + ε)
2 + 3ε
where ε =
(Rm −Rc)
Rc
.
Thus the model is very natural and realistic [30] as well,
which allows one to obtain analytic expressions for the
barrier penetrability.
B. Quantum tunneling and fusion cross section
The basic picture of the analytical model is that the
fusion cross section can be given by the formal nuclear
reaction theory [12]
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FIG. 4: (Color online) Plots of S-factors for six C+Ne fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
σ(E) =
pi
k2
∞∑
l=0
(2l+ 1)Tl(E)fl(E) (5)
where k =
√
2µE
h¯ , µ being the reduced mass of the in-
teracting nuclei and Tl(E) is the transmission coefficient
given by
Tl(E) = 1− |ηl|2 (6)
whereas fl(E) is the fusion probability of the penetrat-
ing wave which at low energies of astrophysical interest
is close to unity. The quantity ηl = e
2iδl where δl is
the phase shift for the lth partial wave. In the energy
domain involved, the transmission coefficient Tl(E) de-
creases with l and the largest contribution comes from
the T0(E) term suggesting one to introduce a quantity
N(E) such that
N(E) = 1 +
∞∑
l=1
(2l+ 1)
Tl(E)
T0(E)
(7)
whose magnitude is expected to be larger than unity due
to the contributions from higher partial waves.
Substituting Eq.(7) in Eq.(5) one finds that
σ(E) =
S0
E
N(E)T0(E) (8)
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FIG. 5: (Color online) Plots of S-factors for six C+Mg fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
where S0 =
pih¯2
2µ and the s-wave transmission coefficient
T0(E) = exp
{
− 2
h¯
∫ r2
r1
√
2µ[V (r) − E]dr
}
(9)
where r1 and r2 are classical turning points. Prompted
by Eq.(1), expressing T0(E) as exp(χ − 2piη), analytical
expressions can be derived for χ for the barrier potential
given by Eq.(3) which for 0 ≤ E < Em given by
χ(E) = 4
√
Er
E
[
sin−1
√
yr +
√
yr(1− yr)
]
(10)
− ξ
√
Er
Ec
(Ec − E)
Ec
[pi
2
+ sin−1 yl + yl
√
1− y2l
]
and for Em ≤ E ≤ Ec given by
χ(E) = pi
[
2
√
Er
E
− ξ (Ec − E)
Ec
√
Er
Ec
]
(11)
where yr =
RmE
λ , yl = ε
√
ζEc
Ec−E , Er =
λ2µ
2h¯2
and ξ =
(2+3ε)3/2
√
ε
(1+ε)2 .
The expressions provided above are for sub-barrier en-
ergies where the S-factor is influenced by several low l
values at E ≤ Ec in which l = 0 contributing the most.
The correcting factor N(E) is expected to be a slowly
varying function of energy. It is likely that the trans-
mission coefficients Tl(E) at these l values are similar
functions of energy as T0 but of strengths reducing pro-
gressively with increasing l implying s-wave like energy
dependence. A crude estimate for N(E) at E ≤ Ec goes
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FIG. 6: (Color online) Plots of S-factors for six C+Si fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
as ∼ 1 +
√
Ec
E0
[31]. To simplify the model it is assumed
that N(E) can be approximated by an overall normal-
ization factor
N(E) ≈ N0 = 1 + n0
√
Ec
E0
(12)
where E0 =
h¯2
2µR2c
is the characteristic quantum of cen-
trifugal energy and n0 can be treated as a parameter
characterizing the significance of higher partial waves.
For above barrier energies E > Ec the effective bar-
rier is transparent for low l waves resulting Tl = 1. The
summation over partial waves in the expression of cross
section provided by Eq.(5) goes from l = 0 to maxi-
mum l = lm at which the effective barrier V (r)+
h¯2l(l+1)
2µr2
becomes classically forbidden. In this case a simplified
derivation [31] yields
χ(E) = 2piη +
1
2
ln
[
1 +
y2(E)
N20
]
(13)
where y(E) = (E−Ec)E0
[
1− (E−Ec)ζEc
]
.
Recalling the definition from Eq.(1), the S-factor can
be given by
S(E) = N0S0 expχ(E) (14)
where the expressions of χ(E) for different energy do-
mains have been provided by Eq.(10), Eq.(11) and
Eq.(13).
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FIG. 7: (Color online) Plots of S-factors for six O+O fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
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FIG. 8: (Color online) Plots of S-factors for six O+Ne fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
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FIG. 9: (Color online) Plots of S-factors for six O+Mg fusion
reactions. The filled dots are the Sa˜o Paulo (SP) [28] calcu-
lations while the solid lines are our present calculations (see
Table-I).
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FIG. 10: (Color online) Plots of S-factors for six Ne+Ne fu-
sion reactions. The filled dots are the Sa˜o Paulo (SP) [28]
calculations while the solid lines are our present calculations
(see Table-I).
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FIG. 11: (Color online) Plots of S-factors for six Ne+Mg
fusion reactions. The filled dots are the Sa˜o Paulo (SP) [28]
calculations while the solid lines are our present calculations
(see Table-I).
III. CALCULATION OF ASTROPHYSICAL
S-FACTOR
The calculation of astrophysical S-factor using present
formalism involves five parameters. The barrier potential
is defined by Rc and ζ (or equivalently ε) since barrier
height Ec can be expressed in terms of Rc and ε. The
radius at which the barrier peaks can be given in terms
of the mass numbers A1 and A2 of the interacting nuclei
by Rc = r0(A
1/3
1 +A
1/3
2 ) + |A1 − 2Z1|∆1+ |A2 − 2Z2|∆2
which involves three parameters. The isotopic depen-
dence of Rc is simulated by entities ∆1,2 and r0 is the
radius parameter. The fifth parameter n0 characterizes
the effect of partial waves l > 0. The present formal-
ism causes two fold simplifications: it reduces two pa-
rameters and relies on exact theoretical expressions for
barrier penetration rather than the approximated ones
[31, 32]. The five parameters for various fusing systems
have been obtained by fitting the astrophysical S-factors
from experimental measurements and theoretical results
of a nine-parameter phenomenological analytic expres-
sion [28] which were also compared previously [27, 33, 34]
with experimental data wherever available. The errors in
the fitted parameters are calculated from the correlation
matrix in the final stage of the fitting procedure when
changes in the fitted parameters by amounts equal to
the corresponding uncertainties in the fitted parameters
cause changes in the corresponding quantity by less than
the stipulated value. Thus large uncertainty in a fitted
parameter implies that the hyper-surface is rather flat
with respect to that parameter.
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FIG. 12: (Color online) Plots of S-factors for six Mg+Mg
fusion reactions. The filled dots are the Sa˜o Paulo (SP) [28]
calculations while the solid lines are our present calculations
(see Table-I).
TABLE I: Values of parameters for S(E) for various isotopes
of reactions
Reactions r0 (fm) ε n0 ∆1 (fm) ∆2 (fm)
C+C 1.5223 0.0379 1.7982 0.1006 0.1006
C+O 1.5346 0.0360 1.9156 0.0967 0.0549
C+Ne 1.4857 0.0326 2.3993 0.1150 0.0548
C+Mg 1.5162 0.0401 1.7216 0.0915 0.0524
C+Si 1.6732 0.0531 0.0975 0.0602 0.0481
O+O 1.5766 0.0410 1.5939 0.0527 0.0527
O+Ne 1.5628 0.0423 1.3828 0.0606 0.0555
O+Mg 1.5712 0.0450 0.7472 0.0481 0.0491
Ne+Ne 1.5036 0.0387 2.1797 0.0585 0.0585
Ne+Mg 1.5237 0.0443 1.7510 0.0720 0.0399
Mg+Mg 1.4791 0.0387 1.2801 0.0473 0.0473
IV. RESULTS AND DISCUSSION
The astrophysical S-factors involving stable and neu-
tron rich isotopes of C, O, Ne, Mg and Si for fusion reac-
tions have been calculated in the centre of mass energy
range of 2-30 MeV. In Fig.-1 the S-factors for 12C+12C
fusion reaction have been plotted as a function of centre
of mass energy of the colliding nuclei. The filled dots with
error bars represent the experimental data points [15–26].
The solid line represents our present calculations fitted to
the Sa˜o Paulo (SP) [28] calculations. The dashed line has
been fitted to the experimental data by just varying the
value of ε while keeping the other four parameters identi-
cal as provided in Table-I for C+C system. This exercise
7has been done to show that the parameters extracted by
fitting the Sa˜o Paulo (SP) [28] results are good enough
for predictions of astrophysical S-factors. In Figs.-2-12,
plots of S-factors for various isotopes of C, O, Ne, Mg and
Si for fusion reactions have been plotted as a function of
centre of mass energy. The filled dots are the Sa˜o Paulo
(SP) [28] calculations while the solid lines are our present
calculations. The parameter sets for these reactions are
listed in Table-I.
We find that the standard errors in the fitted parame-
ters are minimum for r0 and ε and maximum for n0. This
implies that the results of the calculations are most sensi-
tive to r0 and ε and least sensitive to n0. The sensitivity
of ∆1 and ∆2 on S(E) indicates a possible path of finding
isotopic dependence of nuclear radius. The results of the
present calculations show that the same set of the five
parameters as stated can provide good estimates of S(E)
for the entire range of isotopes for a particular combi-
nation of interacting nuclei. In case of same nuclei such
as C+C or Mg+Mg, the number of parameters further
reduces from five to four since in these cases ∆1 = ∆2.
Moreover, the present formalism not only removes two
parameters of Ref.[31] but also relies on exact theoret-
ical expressions for barrier penetration rather than the
approximated ones used in Refs.[31, 32].
V. SUMMARY AND CONCLUSION
In this work, we present analytical formulation based
on barrier penetration model for the astrophysical S-
factor S(E). The potential barrier due to nuclear
and Coulomb interactions has been assumed to be of
parabolic nature. The effect of the centrifugal barrier
for l > 0 which in turn means the contributions from
higher l values have been simulated phenomenologically.
Except for this, the entire formulation is exact and does
not invoke any other approximation. Compared to the
earlier works [28, 31, 32], the present endeavor causes
two fold simplifications. It reduces two parameters and
relies on exact theoretical expressions for barrier pene-
tration rather than the approximated ones [31, 32]. The
energy dependence of the astrophysical S-factors for the
fusion reactions involving stable and several neutron rich
isotopes of C, O, Ne, Mg and Si covering a wide range
of energy from 2 MeV to 30 MeV, below and above the
Coulomb barrier, have been calculated. The mentioned
reactions are merely a few illustrative examples, but the
elegance of the theoretical model in describing the exper-
imental data suggests that it may be used successfully
for large number of other nuclei encompassing the entire
spectra of isotopes.
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